We present explicit formulae for the remainder arising in the Young, Hölder, and Clarkson inequalities.
Introduction
In this paper we show the way to recognize the well-known inequalities of Young, Hölder, and Clarkson inequalities as special cases of the identities to be presented below, where necessary and sufficient conditions for those inequalities to be equalities are given in an explicit way. This work is motivated by [10] , where explicit remainder terms of those inequalities are given. Here we give a more precise description on the remainder with a direct and straightforward calculation. Moreover, we improve available inequalities on the remainder. In addition, in the case where the remainder is expressed as polynomials, we give an exact formula with explicit coefficients.
Throughout this paper, the following remainder function [10] plays an important role :
where a, b > 0 and 0 < θ < 1.
The standard Young inequality is described as
for any θ ∈ (0, 1), a, b > 0. Then the standard Hölder inequality follows from the identity
is the Banach space of q-th integrable functions on a measure space (Ω, μ) with norm · q , q ∈ (1, ∞), and p is the dual exponent to p defined by 1/p + 1/p = 1.
The purpose in this paper is to give a clear understanding of the standard Young and Hölder inequalities by an explicit description of the remainder function (1) . In Section 2, we prepare basic identities to be used for the main theorems. In Section 3, we present explicit formulae for the remainder function and their application. In Section 4, we study the remainder terms for the Clarkson inequality.
There are many papers on the related subjects. We refer the reader to [1, 2, 3, 7, 6, 8, 11, 4, 12, 9, 5] and references therein.
Basic identities
The following elementary identities are basic in this paper. 
hold for all x, y > 0.
Proof. For completeness we give a proof, though it is elementary. By a simple and straightforward calculation, we have
as required.
Explicit formulae for the remainder function
In this section we present explicit formulae for the remainder function and their applications. 
hold for all a, b > 0.
Corollary 3.2. Let θ ∈ (0, 1). Then the following inequalities
Remark 3.3.
In [10] , it is shown that
is an improvement of the last inequality. (8) are optimal in the sense that
Remark 3.4. The first and second inequalities in
Proof of Theorem 3.1. For the first equality, we rewrite the remainder function as
where we have used (4) with (x, y, p) = (a, b, 1 − θ) and (x, y, p) = (b, a, θ). For the second equality, we rewrite the remainder function as
Proof of Colloraly 3.2. The first and second inequalities in (8) follow from the inequalities
.
By substituting x = a/b or x = b/a, the last inequality in (8) follows from the inequality
for all x > 0.
We give another explicit formula for the remainder function, which implies a polynomial representation for rational θ.
Theorem 3.5. Let m, n be two positive real numbers. Then the following equality
holds for all x, y > 0.
Corollary 3.6. Let m, n be two positive integers. Then the following equality
holds as polynomials in x, y.
Remark 3.7. Identity (10) was first proved in [10] by an induction argument. See also [6] for a characterization of the Young inequality in the framework of polynomials.
Proof of Theorem 3.5. We rewrite the remainder function as
and apply (4) and (5) to obtain (9).
Proof of Corollary 3.6. We compute the integral on the right hand side of (9). For instance, 
Remainder formulae for the Clarkson inequality
In this section we study the remainder for the Clarkson inequality. Proof. We compute the integrals on the right hand side of the first equality of (11). For instance, for an integer m ≥ 0 
